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Abstract. We consider the logarithm of the central value log L{^) in the orthogonal fam- 
ily {L{s, f)}feHk where Hk is the set of weight k Hecke-eigen cusp form for SL2{'^), and 
in the symplectic family {L{s, Xs,d)}d^D where xm is the real character associated to funda- 
mental discriminant Sd. Unconditionally, we prove that the two distributions are asymp- 
totically bounded above by Gaussian distributions, in the first case of mean — ^ log log k 
and variance log log fc, and in the second case of mean ^ log log Z? and variance log log!?. 
Assuming both the Riemann and Zero Density Hypotheses in these families we obtain the 
full normal law in both families, confirming a conjecture of Keating and Snaith. 



1. Introduction 

An important problem in analytic number theory is to understand the distribution of 
values of L-functions on the central line = \. Selberg [12J famously proved that 
as t varies in large intervals t E [T, 2T], the real and imaginary parts of the logarithm 
of Riemann's zeta function become distributed like independent Gaussian random vari- 
ables. Since that work, there have been several efforts to extend the result to a more 
general setting. A few years later, Selberg himself [Tl] proved that for a fixed value of 
t the imaginary part of logL(i + it; x) becomes normally distributed as x varies among 
Dirichlet characters to a large prime modulus q. More recently, Bombieri and Hejhal [1] 
have shown that Selberg's result for zeta is true for the values {L{^ + it)}te[T,2T] of a quite 
general L-function, under mild assumptions about the zeros of the function, and Wen- 
zhi Luo [9] has verified this condition for the L-function associated to any fixed modular 
form for SL2{Z). 

Following the ground-breaking work of Katz and Samak [5|, we now understand the 
central values L(| + it) of an L-function as belonging in a family with a symmetry type 
governed by one of the classical compact groups. The cases considered thus far, of a 
fixed L-function with argument high in the critical strip, and of central values of Dirichlet 
L-functions with varying character of fixed conductor, arise as unitary families; on the 
basis of calculations from random matrix theory, Keating and Snaith (6\ have proposed 
Selberg-type conjectures for the logarithms of central values of L-functions from families 
of orthogonal and symplectic symmetry type, as well. These conjectures appear far from 
reach, however, because they involve only the real part of the logarithm of L-functions at 
the fixed point s = ^; even the best known analytic methods have thus far only succeeded 
in proving that a positive proportion of L-functions in a family are non-zero at a single 
point, and even in the few special cases where the central value is known to be positive, 
the real part of the logarithm is highly sensitive to the low-lying' zeros, near |, which 
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cannot presently be controlled. Nonetheless, it is the purpose of this paper to consider 
what partial results can be established theoretically in two such cases. 

Let Sk, k = mod 2 be the space of weight k modular cusp forms for SL2(Z)\EI and let 
Hk be it's basis of ~ ^ simultaneous eigenvectors of the Hecke operators, normalized to 
have first Fourier coefficient equal to 1. Let f E have Fourier expansion 

oo 

n~Xf{n)e{nz); 

n=l 

the L-f unction L{s, f) associated to / is then 

n=l P ^ / 

This has completed L-function 

A(.,/) = (27r)-T(. + ^)L(.,/), 

which satisfies the self-dual functional equation 

AisJ) = t'Ail-sJ). 

When k = 2 mod 4 this means that the central value L(|; /) = 0, so for A; = mod 4 
we consider the family of values {L{^, f)} j^h^^ which is expected to have orthogonal 
symmetry type. These central values have a certain extra significance because Kohnen 
and Zagier [Zl proved the striking formula 

"^4'^^ ik-l)\{g,g) 

relating the central value /) to the ratio of the Petersson norms of / and a half -integral 
weight form g that lifts to / under the Shimura correspondance. A particular consequence 
is that L(^, f) > 0; this is essentially the only family in which positivity of the central value 
is known. 

As a second example we let c? > be a fundamental discriminant with associated qua- 
dratic character Xd{n) = (^) of conductor d. The corresponding Dirichlet L-function is 

n=l p ^ -f^ / 

with completed L-function 

This also satisfies the self-dual functional equation 

A(s,Xd) = A(l - s,Xd) 

and conjecturally xsd) > 0, but this is not known. For convenience we consider the 
family of central values {L{^,x8d)}des(D) where s{D) denotes the set of squarefree and 
odd d, ^ < d < D; this is expected to be a family exhibiting symplectic symmetry. 
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We have two primary results. The first result proves, unconditionally, 'one-half of the 
Keatrng-Snaith conjectures. 



Corollary 1.1. Let k = mod A. As k ^ oo ive have 
1 



P 



feHk-. 



i/log log k 



1 
2 



)>.] 


1 


^ ^ / e 




V2^ Ja 



e ^ dx + 0^(1). 



In particular, for any fixed e > 0, /) < (log A;) with probability 1 — 0^(1). Also, as 
D -> oo, 

log|^(^,X8d)| - ^ log log 



p 



d G s{D) : 



A/log log D 



)>.] 


1 /•°° 


^ ^ / e 




72^ 7a 



e 2 + oa(1). 



In |fT3l , Soundararajan made the basic observation that, on the Riemann Hypothesis, 
while zeros near ^ + it can greatly alter the value of log + they always decrease 
its value as compared with that of log + cr + at points off the critical line. Our 
proof of Corollary 11.11 is based upon an unconditional version of this fact, together with 
the following slightly technical result. 

Theorem 1.2. Let a = a{k) be a function of k, tending to as k ^ oo in such a way that 
a log A; ->cx) but ^^ggf ^ 0. Also, for f e Hk put 

m = flog + a, f)\ + I log log A;) . 

A/log log A; \ 2 2 J 

Then 

5^ ^iv(o,i), k^oo. 

Here Sx is the point mass at x, N{0, 1) zs the standard normal distribution, and the convergence is 
in the sense of distributions. 

Similarly, let a = cr{D) be a function of D, tending to as D oo in such a way that 
alogD ^ oo but ^ggp ^ 0. For d e s{D), put 

= /I ^1 n ( ml + ^, X8d)\ - I log log D 
V log log D \ 2 2 

Then 

7^ SAW^NiO,!), D^oo. 



\siD)\ 



This Theorem is proven using Selberg's method in (TTl; in particular it makes use of 
'zero-density' estimates putting almost all of the low-lying zeros of the corresponding 
L-functions very near the half-line. In the case of Xsd), such a result is essentially 
available from the work of Conrey and Soundararajan in [21. For the case of L(s, /), this 
is a concurrent result of the author in [31. 

For our second main result we assume some weak conjectural information about the 
low-lying zeros in the families {L{s, f)}feHk' ^rid Xsd)}des{D) in order to deduce the 
full Keating-Snaith conjectures for these families. Given f e Hk and s near i, /) 
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has conductor x k'^, and therefore for 1 <^ T = k°^^^ the number of zeros of L{s, /) up 
to height T grows as ^ log k. Thus, based upon purely density considerations, we might 
expect that for most / G Hk, 7mm (/) > where 



if) 



mm 



7l 



is the height of the lowest non-trivial zero of L(s, /). Similarly, for d E s{D) and s near |, 
L{s, xsd) has conductor x D, and therefore we might typically expect that ^minid) jj^^tj- 
We formalize this heuristic in the following hypothesis. 

Hypothesis 1.3 (Low-lying Zero Hypothesis). Assume y = y{k) — )■ oo with k. Then 



P 



if) < 



TC 



Similarly, ify = y{D) oo with D then 



P 



de s{D) : 'Jminid) < 



ylogk 



27r 
ylogD 



oil] 



0(1), 



k oo. 



D ^ oo. 



In fact, stronger and more detailed statements about the low-lying zeros in these two 
families are expected to be true. Specifically, Iwaniec, Luo and Sarnak [4] have conjectured 
that in essentially any natural family of L-functions of conductor C, the one-level density 
of zeros at a scale of depends asymptotically only on the symmetry type of the family. 
For our two families of L-functions, their 'Zero Density Conjecture' takes the following 
shape. 

Conjecture 1.4 (Zero Density Conjecture). Let (f){x) be a Schwarz class function on M with 
Fourier transform having compact support. Define the densities 

W(SOe^en)ix)dx = (l + dx, W(Sp)(x)dx = (l- dx 

\ 2nx J \ 2'Kx J 

and write the non-trivial zeros of L{s) as p = ^ + i-y, with 7 possibly complex if the Riemann 
Hypothesis for L{s) is false. Then 

E <p(^^^] = r <l'i^)^iSOe.^")i^)dx 



k=0 mod 4 ' " ' f£Hk A(p,/)=0 



and 



des(D) A(p,X8d)=0 



It is a straightforward exercise to prove that our Low-lying Zero Hypothesis is implied by 
the Zero Density Conjecture together with the Riemann Hypothesis for the corresponding 
family of L-functions. 

We now state our second main result. 
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Theorem 1.5. Suppose the Low-lying Zero Hypothesis holds in the family {L{s, f)}feHk- For 
f eHk put 



Then, as distributions 



s 



1^^' feH, 

Similarly, assume the Low-lying Zero Hypothesis in the family {L{s,X8d}d£s(D) and for d e 
(D) put 

B{d) = , \ ^ (\og\L{l,X8d)\ - i log log/) 



Vlog log D \ 2' 2 

Then, in the sense of distributions, 

' ^ des{D) 

In particular, either of these results is true if both the Riemann Hypothesis and the Zero Density 
Hypothesis is true for the corresponding family of L-functions. 



2. Background 

In this section we collect together standard facts regarding our two families of L-functions, 
as well as the part of Selberg's work that we need for our arguments. 

2.1. L-f unction coefficients, and orthogonality. For / e H^, the Fourier coefficients of / 
satisfy the Hecke relations 

(2) \f{m)\j{n) = Xf{^). 

d\{m,n) 

A specific consequence of this fact is that for distinct primes pi,...,pr we have 

0<il<L^J 0<jr<l^} 

for some positive coefficients c(e, j). 

Lemma 2.1. We have c(2, *) = 1 where 2 is the string consisting entirely of 2's and * is any 
string containing O's and Vs. Also, for general e, j, c(e, j) < 2^i+ - +^'-. 

Recall, also, Deligne's bound |A/(n)| <d{n). 
We use the following basic orthogonality relation on Hk. 



Lemma 2.2. Let < S < 2. There exists 7 = 7(5) > such that ifm < k"^ ^ then 

Proof. Actually, this is a combination of two different estimates. Using the Petersson Trace 
Formula, Rudnick and Soundararajan (|[T0|, Lemma 2.1) prove that for mn < j^^, 

^Lil,sYm'f)-'Xfim)Xfin) = 5m=n + 0ie-'). 

Here wj = sym^/)^^ is the so-called 'harmonic weight' of /, and L(s,sym^/) is 

the symmetric square L-function attached to L(s, f) with coefficients given by 

L(., symV) = ±pM = C(2.) M^, ^ > l- 

n=l n=l 

A now-standard method of Kowalski-Michel ([8], Proposition 2) allows the removal of 
the harmonic weight by truncating the Dirichlet series for sym^/); with x = k^^^/"^ 
and recalling ~ their method gives 



\f{m) = -^ Y ^/^^^(l.sym^/) 'A/(m) 

^ ^ ' feHk Pd<x 
Substituting the bound of Rudnick and Soundararajan, one deduces the lemma. □ 



For the real characters xsd/ our basic orthogonality relation is the following. 
Lemma 2.3. Let n < D"^^^ . Then there is 7 = 7(5) > such that 

d&s{D) ^ ^ p|n ^ 

odd 

Proof. Note that ^{2dY is exactly the indicator function for odd, squarefree d. Rudnick 
and Soundararajan ( IITOl Lemma 3.1) prove, for any 2; > 3, that if n is a perfect square then 

and if n is not a square then 

The result follows on taking successively z = D /2.,D. □ 
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2.2. Selberg's work: two expressions for the logarithm. Writing the Euler product of 

L{sJ) as 

- n (i - ^ v) " - n (i - (i - ^) " . «(^) > 1 



p 

we have that for m = 1, 2 



5 -"5 



where for each p, ap is a complex number of modulus 1 solving ap + ap = A/(p). Loga- 
rithmically differentiating L(s, f) term-by-term we obtain 

n=l m=l p 

In particular, Aj(n) is supported on prime powers, and is given explicitly by 

(5) Afipn = {Xfipn - A/(j9"^-')) logp, m > 1, 

with the convention that A/(p^^) = 0. 

Similarly we have 



p p / 



and logarithmically differentiating this leads to 

(6) -y(^,X8.) = $:^' ^(^)>1 

n 

with Agd supported on primes powers and 

(7) A8d(p") = logp. 



In a standard way one may write down an expression for —77(5) similar to H]) and © 
when I < 3f?(s) < 1, although in this case the zeros of L(s) enter into the formula. The 



following lemma is the analog of ||12|, Lemma 10 with L{s) replacing the Riemann zeta 
function. 

Lemma 2.4. Let * stand in for either 8d or f, so that L{s, *) is either L{s, X8d)for some d G s{D) 
or L{s, f)for some f G Hk. 

Let X > Ibe a parameter and define 



1 



1 < n < X 



For s not coinciding with a trivial or non-trivial zero of L{s,*) we have 

(8) -t(o + ^'*)= 2^-TT^-u:x: 2^ 



?i<a::'^ p: A(p,*)=0 ^ 



E 



trivial 



Proof. The sum J2n<xS ^^T+? result of expanding -^(z, *) in it's Dirichlet series in 



27ri log^ X 7(3) 

and integrating term-by-term. The remainder of the expression is obtained by shifting the 
2;-contour leftward and evaluating residues. □ 



Put 

(9) 7/(^) = (2vr)-T(. + ^), = (v) ^^'2^^ 

so that we may write in a unified way 

A(s,*) = 7,(s)L(s,*) 

for the completed L-function corresponding to either L{s, f) or L{s, Xsd)- The completed 
L-function is entire of order 1 and hence has a Hadamard product running over it's zeros, 

(10) A(s,*)=e^+^^ II (l--^e7^. 

p:A(p,*)=0 ^ 

Logarithmically differentiating A(s, *) one proves the following lemma. 
Lemma 2.5. For real a > Owe have 

(11) -y4H-<^.*) = ^(5 + -)-E'T-^. 

Furthermore, the sum over zeros is given by 



One of Selberg's major achievements in | [T2| was that he gave an efficient way to com- 
pute log + it) as a short sum over primes; by balancing the expression for — ^(s) com- 
ing from the Hadamard product as in (fTT) against the expression from the Euler product 
©, he was able to bound the contribution of the zeros in To do so, Selberg introduced 
a perturbation cr^ ^ depending on the location of the zeros of C near height t, and evaluated 
logC(| + (^x,t + it) ill place of logC(| + it)- 
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For log \L{^, *) I the analog of a^^t is 

2 



(13) a^^^ = 2 max { (3 



1 x^l^l 2 

' 2 logx logx 



Selberg's argument for log + CTx^t + it) carries over with trivial modifications to bound 
the zero sum of L{s, *) at s = | + ax,* and thus to the evaluation of logL(| + ax,*, *); the 
result is the following lemma. 

Lemma 2.6. Let C = k'^ for L{s, f) or C = Sdfor L{s, xu) conductor of the L-function 

near s = |. We have 



(14) 



and 



a^ 



A(p,*)=0 



{ax,* - + 7^ 



O 



n<x 



Ax,*{n) 

^3 



+ 0(logC) 



(15) log L(l + ax,*, *)=Y1 .t"^r^ + ^ f 

^3n2+'"--*logra I log 



X 



Ax,*{n) 



O 



logx 



Proo/. See IH pp 22-26. 



□ 



In order to proceed further with Selberg's approach we need an understanding of the 
perturbation ax,*, that is, we need input regarding the distribution of zeros of L{s, *) near 
the central point s = | as either / varies in iJ^ or c? varies in s{D). Our basic analytic 
ingredient is the following. 

Theorem 2.7. For a sufficiently small 5 > there exists 6 = 9{6) such that, uniformly in 

j\<a <\andj^<T < P^, 

log K 2 log k ' 

N{a, T, fc) 5^ # + /3 + Z7, /) = : a < /3, |7l < t| = 0{Tk-''- log k), 

and also, uniformly in < a < ^ and < T < D^, 

N{a,T,D)'^-^ ^ #|L(l + /3 + z7,x8,) = 0:a</3, \^\ < t\ = 0{TD-''^ log D). 

Proof The part of the theorem regarding f E Hk is Theorem 1.1 in IfSj. For d G s(D), 
this result is proved in Q for the family {L{s, X-8d)}des(D), in the most difficult range 
|T| ^ The changes needed to adapt this to positive fundamental discriminants are 

trivial, and it is straightforward to extend their result to |T| ^ D^, for instance, along the 
same lines as in [3]. Alternatively, the reader may take the second statement as a black 
box. □ 



As a consequence we derive the following essential lemma. 
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Lemma 2.8. Let T he one of the two families of L-f unctions, either T = {L{s, f)}fi^Hk or T = 

{L{s, X8d)}des{D)- Denote P the uniform probability on T. Let C = k^ or C = Dbe the respective 
conductor of the family. 

For X = x{C) growing with C in such a way that — )■ as C — > oo we have 



P 



3 p = l + + : A(p, *) = 0, /3> 

2 logx 



|7| 



< 



313 



logx 



oil] 



fls C — > oo. 



Proof. Assume that C is sufficiently large so that log x < ^ log C. We have 



P 



3p: (3> 



logx 



< 



X 



313 



logx 



< p 



i=4 



U 3p: /3>-^, |7l< 
^ I log X 



< Ep 

i=4 



3p: /3>T-^, l7l<''' 



;3(i + l) 

logx 

3(i+i) 



log a; 



log a; 



By applying Theorem 12.71 the last sum is bounded by 



rlog_£-| 



^ log X 

j=4 



"i log C 

C-i^logC < 

logx 



i=4 



log a; 



and this tends to zero as C — > oo. 



□ 



2.3. Convergence in the sense of distributions. Before turning to the main argument, 
we record, for repeated later use, the following simple fact concerning convergence in the 
sense of distributions. 

Suppose we have a sequence of finite sets {/?„}; for each n let there be two functions 
/, / : i?„ — )■ M, so that we obtain two sequences of probability measures {/in}, {pn} on M, 



/in 



seRn 



Lemma 2.9. Lei /i &e a finite (Borel) measure on R. Each of the following three conditions is 
sufficient to guarantee the simultaneous convergence in distribution 



d - d 

/in — y n ^ fin — y /i 
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of /In jln to II. 

(i) 

(ii) 
(iii) 



seRn 



sup |/(s)-/»| = o(l), 

s<=R„ 



n ^ oo 



n — >■ oo 



n — >■ oo. 



S&Rn 



3. The distribution of the prime sum 



We first show that short prime sums {x — C°^^^) 



}des(d) 



converge to the appropriate Gaussian distributions as the the conductor C ^ oo. The 
main work will then be in comparing log |L(|, *) | to these sums. 

Proposition 3.1. Let C = k'^ for the family T = {L(s, and C = D for the family 
{L(s, X8d)}dGs(D)- Assume x = x{C) grows with C in such a way that as C ^ oo, but 

log log a; = log log C + o(\/loglogC). Define, for f e Hk, 

1 



Pif) 



22 1- +-loglogfc I , 



Vloglog/c \^ 712 log n 2 



and for d e s{D), 



P{d) 



VloglogD y— 712 



^%d{n) 1 



log log D 



We /iflue 
(16) 



iV(0, 1), C^oo. 



Also, for each C let {6„(C)}^^ he a sequence of real numbers, hounded independently ofC. Then 



(17) 



^E 



E 



712 



0(log2a;), 



C ^ oo. 



Proof. We show the proof for the family T — {L{s, f)}feHk'r the argument for real charac- 
ters is essentially the same, with the caveat that the positive mean of L(i , xsd) comes from 

the fact that (^^j = 1 if p f 8d. 
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For ([HI), let f e Hk and write 



Pif) 



1 



i/log log k 



f 1 V Wl-i,og.ogfc 
m -^^^ p 2 log j9 2 



m=l 



p<x~ 



In view of the evaluation of the coefficients A/(n) given in (O we have 

1 ^\f{p) , 1 ^ \f{p')-l , 1 



i/log log A; f:"^ p2 2 A/log log A; 



p<x 



p<V^ 



P 



A/loglogfc + o(l) 



Vlog log f::^ p2 2 Vlog log A; 



+ 0(1), 



by Merten's theorem for ^ Now we may assume that k is sufficiently large so that 
< A;2-'5. Then 

-1 2 



E 

p<\/a; 



E ^~^M E ^Ap^)^Ap^ 

Pi,P2<V3; 



E ^ + C'(A;-^log2x) = 0(1) 



P<y/x 



by applying Lemma IZ2l Thus by Lemma |Z9l it suffices to prove 



(18) 



Hf) 



iV(0,l) 



P{f) 



A/(P) 



Vlog log A; ^ p5 



This we do by the method of moments. 



Let m be fixed and assume now that k is sufficiently large so that < k"^ ^, x'^ < k^. 
We have 



Ae 



f&Hk 



A/(P) 



E^ 



p<x 



2m 



E 



1 



Plv,P2m<2; 



. y/Pl ■ ■ ■ P2m \Hk 



\-\ E A/(pi)---A/(p2H- 



When some pi appears an odd number of times in the list, we see from the expression 
(O that \f{pi) ■ ■ ■ \fiPr) can be written as a linear combination of Om(l) terms \f{ni), for 
which none of the Ui are squares. Thus by Lemma IZ2l the contribution of all such terms is 

Among terms containing each pi an even number of times, those containing some pi at 
least 4 times contribute <^m (log logx)™"^, which is an error term. We are left to consider 
terms containing each prime exactly twice. These contribute 

0.(A:-(loglogA:)-)+ E ^-^'"^^'^ 



pi,...,Pm,<X 

distinct 



Pl---Pn 



d\pi---pr, 



d 2'"m! 



(logloga:)™(l + o^(l)). 



The claimed convergence in (|T8|) thus follows from the fact that the Gaussian distribution 
is determined by its moments. 
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To prove (|T7| , assume < min(/c^ ^, k'^) and split the primes, prime squares, and 
higher powers as 



E 



Af{n)br, 



n2 



< 3 



E 



Xf{p)bp log p 



2 




2 


+ 


O(logp) 


+ 0(1) 









Thus 



\iik\ 



E 



Af{n)bn 



n2 



< 



E 



E 



A/(p)6plogp 



< 



3 E 



6p,6p2 log log p2 1 



, 3 V^IP^ l^fc, f^rr 

pi,P2<X-> ^ J'^tik 



0{\og^x) 



^ Xf{p,)Xf{p,) + 0{log'x) 



p<X'^ 



P 



0(log^ x). 



□ 



4. Proof of main results 

Throughout this section we let be a family of L-functions, either T = {L{s, /} /g//^^ or 
T = {L{s, Xsd}des{D)> and we let C = A;^ or C = D for the conductor in the family. We also 
let * stand in for the typical element in the family 



Proof of Theorem [1721 Choose x = x{C) by = a and observe that — )■ oo while 



Viogiogc ~^ as C — > OO. In particular, log log a; = log log C + 0(log3C), fulfilling the 



log X 

conditions of Proposition 13. 1[ so that Z]*eJ=" ^p{*) 
Recall that we set 

m 

and 



A^(0, 1) as C ->cx). 



1 



14 1 

n — 1 — r I l°sl^(o + \ + o loslogA; 

V log log A; V 2 logx 2 



A{d) = \ {\og\L{\ + -^,X8d)| - ^ log log/} ) . 
VloglogD V 2 logx 2 / 

By Lemma IZ8l there is a set C of measure o(l) such that outside E, a^,* = 
Thus by ((T5|) we have 



1 4 
logL(- + ,*) 

2 logx 



log X log n \ 



-ri 2 log a; 



+ 



logC 
logx 
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except for on a set of measure o(l). Note that the second error term contributes o(l) to 
A{*). Now 



EAx,*{n) ^ A*(n) ^ A^{n) / ^ 
1 4 — = y. — \- y. — — I 
„<,3 n^ + iog. logn nMogn ^^^nMogn 



Oh- E - 



Applying (|T7|) of Proposition 13.11 successively with corresponding choices of 6„, we find 
that 



-1 2 



logx ^ 



' ^ log a: — 



n<x 



112 logn 



0(1), bn = a^(n) 
0(1), 6„ = 



mE 



Ax,*{n) 



2 + log X log n 



0(1) 



Thus by Lemma IZ9l 



^J^lnT^ - 1 ) , n < X 

logn \ y ' — 

0, X < n < 



bn 



0, n < X 

a^(n)|^, X < n < x^ 



□ 



We will deduce Corollary 11.11 from Theorem II. 2l by applying the following Proposition, 
which is an analog of the upper bound in the Proposition of |[T3|, in the case when RH for 
the L-function is not assumed. 

Proposition 4.1. Continue to let T = {L{s, f)}feHk or T = {L{s, Xsd)d(^s(D), and let C he the 
conductor of the L-functions in the family. For defined in (fl3l ) we have 

log |L(i, *) I < log L(i + *) + a,,, log C + 0(1). 



Proof 



1 1 f^x.t j^i 

J 



p=i+/3+i7:A(p,*)=0 

< a.,, log + 0(1)-- log( ^^-p-^ J 

p=5+;S+j7;A(p,*)=0 
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from the formulas ((TTj) and (|T2l)11 For those p for which < ^ the logarithm is plainly 
positive. Among the remaining p, pair p = | + /3 + Z7 and p' = | — /3 + with, say, /3 > 0. 
Note that by dH, p, p' ^ ^^^j so that I7I > g;. 

The combined contribution of p and p' to the sum in (|T9)) is 



log 



(20) 

Now observe that 

so that 

(21) 

Hence 



/32 + 72 

= log 
= log 



/32 + 72 



/32 + 72 



/32 + 72 



1 + 



0": 



/32 + 72 



7 > 



3/3 



logx 



/32 + 72 



> 3/3 



2 > 2 + — > 2 



/32 +72 



expr. (|20]) > log 1 + 



4/3^ 8 
10^ - 5 



8 (x^.* 



> 0. 



5/32 + 72_ 

It follows that the zeros contribute a negative amount to (|I9)) , which proves the Proposi- 
tion. □ 



^ 



Deduction ofCorollary \l.l\ Take a; = x(C) growing such that — )• 00 but log^l/iogiog,^ 

^ except for 



as C — > 00, as in the proof of Theorem 11.21 Then as before we have cr^ 
on a set of measure o(l). It follows from Proposition 14. 1 1 that 



log|L(i,*) 



< 



logL(i + ^,*) 



A/log log C Vlog log C 

except on a set of measure o(l), and the Corollary now follows from the convergence in 
distribution of the right hand side proved in Theorem 11.21 □ 



We now prove Theorem 11.51 by bounding the negative contribution of the zeros in 
Proposition 14. 1 I by invoking the Low-lying Zero Hypothesis. 



Proof of Theorem [131 Let x = x{C) and y = y{C) be parameters growing with C, satisfying 
the conditions 



logg 
log X 



(1) ^ 00 



^Note that by choice of (Ta, L(s, *) has no zero on the real axis for s = \ + u and a > fia:,* ■ Iri the case that 
L{s, f ) has a zero between i and ^ + (Tx.* the logarithm of i(s, *) at | is defined by continuous variation 
along a path that makes a small semicircle in the upper half plane around the zero, and the line integrals 
above also follow this path. 
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(2) v^S^ ^ cx),but ^ ^ 

^ log y y log 2; 

log C log _^ g 



(3) 



logx^log logC 



as C — > 00. For instance, these are simultaneously satisfied with log x = log C (log log C) 4 , 

y = log log c. 



Since — )• 00, cr^,* = except on a set of measure o(l) in Thus, invoking 
the Low-lying Zero Hypothesis, there is a set of J-'* of measure 1 — o(l) in on which 
(Tx,* = 1^ and for all L{s, *) G T*, all zeros p = | + /3 + 27 of A(s, *) satisfy 



l7l > 



ylogx 



Restricting to T*, by (|T9|) we have 



log|L(- + - ,*) 

/ logx 



1 IT A \ I ^ / log C , 1 
2 log X 2 



5Z 



/32 + 72 



p=i+/3+i7:A(p,*)=0 



In view of ^ = o(VloglogC) it suffices to prove the bound 



(t) 



/32 + 72 



log 



p=|+/3+i7:A(/9,*)=0 



o(loglogC) 



in order to deduce the theorem from Lemma |Z9l together with the normal approximation 
of log L(| + *) proved in Theorem II .21 

In the sum over zeros of ([f]), for p with < we bound the summand in absolute 
value by 

^2 



log 



/32 + 72 



< 



log 1 - 



a. 



X,* 



log 1 - 



1 



1 + 



'Tlogjr \2 



logy 



]^ _|_ 7 log a: -^2 ' 



by using I7I logx ^ -. Since < the last quantity is bounded by 



(22) 



logy 



For 



> 



log X 

contribution is 



^ we pair the contributions of p and p' = p — 2/3; by (|20l) this combined 



log 



1 + 



a. 



X,* 



/32 + 72 



2 + 



/32 + 72 
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Since > ^ we have p, p' ^ Qxj, and therefore I7I > > 3/3. By (|2T|) , 



2 > 2 + 



- 4/3' 



> 



/32 + 72 -5' 

and therefore the combined contribution is bounded in absolute value by 
(23) * ^ 



/32+72 log2a;(^-/3)2 + 72 



Combining ((221) and (l23ll . 



^ logz ''^^ ~^ ^ 



/32 + 72 



logy 

log^^^(Efc-/3)' + 7' 



E 



logy 
logx 



^ Ax,*(n) 



+ 



log y log C 
\ogx 



by dm) of Lemma HH 
Since 



log?/ log C — - — - 

— = o VloglogC , 

logx 



the bound ^ now follows from 



logy v;^ 



\ogx 



O (log^y) = o(loglogC) 



by (dZl of Proposition im 



□ 
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